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GROMOV HYPERBOLICITY OF PSEUDOCONVEX FINITE TYPE
DOMAINS IN C2
MATTEO FIACCHI
Abstract. We prove that every bounded smooth domain of finite d’Angelo type in C2
endowed with the Kobayashi distance is Gromov hyperbolic and its Gromov boundary is
canonically homeomorphic to the Euclidean boundary. We also show that any domain in
C2 endowed with the Kobayashi distance is Gromov hyperbolic provided there exists a
sequence of automorphisms that converges to a smooth boundary point of finite D’Angelo
type.
1. Introduction
The Kobayashi metric is an important invariant metric that can be used to study do-
mains in Cn and the holomorphic functions defined on it. In this paper we study the
relation between the CR structure of the boundary and the Gromov hyperbolicity of a
domain endowed with the Kobayashi distance. Gromov hyperbolic spaces are a generali-
sation of negative curved spaces in the context of metric spaces, and this concept fits very
well to our problem since the Kobayashi metric is in general not Riemannian.
The problem has been much studied in these years, for instance Balogh and Bonk [13]
proved that bounded strongly pseudoconvex domains endowed with the Kobayashi dis-
tance are the Gromov hyperbolic. In different works, Gaussier-Seshadri (in the bounded
smooth case [16]), Nikolov-Thomas-Trybula (C1,1 boundary in C2 [20]) and Zimmer (in the
general case, [22]) proved that, in convex domains the existence of holomorphic disks in
the boundary prevent the domains to be Gromov hyperbolic with respect to the Kobayashi
distance. Moreover, in the same paper, Zimmer gave the following complete characteri-
zation: let D ⊂ Cd be a smooth convex domain. Then, D endowed with the Kobayashi
distance is Gromov hyperbolic if and only if D is of D’Angelo finite type.
If M is a smooth CR hypersurface in Cd that can be written as M = {ρ = 0} where ρ
is a C∞ function, a point p ∈M is of D’Angelo type m if
m = sup
{
ν(ρ ◦ f)
ν(f)
: f : D −→ Cd holomorphic, f(0) = p
}
where ν(·) indicates the order of vanishing, and M is of finite type is every point has
finite D’Angelo type. A point in a CR hypersurface is strongly pseudoconvex if and only
if its D’Angelo type is 2, so smooth pseudoconvex domains with finite type boundary
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(finite type domains, for short) can be seen as a generalisation of strongly pseudoconvex
domains.
Our goal is to study the Gromov hyperbolicity (with respect to the Kobayashi distance)
of finite type domains, with no assumption of convexity. Exiting the category of convex
domains, the problem of deciding the Gromov hyperbolicity of a domain becomes very
subtle. For instance, Zimmer [23] found an example of a Gromov hyperbolic, non-convex
and non-smooth, domain with an analytic disk in the boundary. The problem of deter-
mining whether a domain endowed with the Kobayashi distance is Gromov hyperbolic is
pretty much related to the existence of suitable estimates for the Kobayashi distance near
the boundary. Such estimates are known for convex and strongly pseudoconvex domains,
but there are very few outside these categories. In the present paper, we exploit Catlin
estimates [14], which holds in dimension 2. Our main result is the following (here dKΩ
denotes the Kobayashi distance of a domain Ω ⊂ Cd):
Theorem 1.1. Let Ω ⊂ C2 be a bounded smooth pseudoconvex finite type domain. Then
(Ω, dKΩ ) is Gromov hyperbolic. Moreover, the identity map Ω −→ Ω extends to a homeo-
morphism Ω
G
−→ Ω, where Ω
G
denotes the Gromov compactification of Ω endowed with
the Gromov topology and Ω is the Euclidean closure of Ω.
This theorem can be seen as a generalization (in C2) of Zimmer’s analogous result for
convex finite type domains. The main tool for the proof is the Pinchuk scaling method:
given a sequence of points {pn}n∈N in the domain Ω that converges to a finite type point
in the boundary, we can find a family of automorphisms of C2 that maps Ω to a family
of domains Ωn that converges (in some sense) to a model domain Ω∞ and sends {pn}n∈N
to a convergent sequence in Ω∞. The limit domain Ω∞ is of the form
{(z, w) ∈ C2 : Re[w] + P (z) < 0}
where P : C −→ R is a subharmonic polynomial without harmonic terms and P (0) = 0.
Then, the main issue is to show that the Kobayashi distance is stable under this process.
This is true in the convex case (see again [22]) but still unknown in general. In our setting,
we are able to show that this is the case exploiting Catlin’s estimates.
On the way to prove Theorem 1.1, we obtain the following result, interesting by its
own:
Theorem 1.2. Let Ω ⊂ C2 be a pseudoconvex domain. Let suppose that there exists
ξ ∈ ∂Ω such that ∂Ω is smooth and of finite type in a neighborhood of ξ and there exists
a sequence of automorphisms {φk}k∈N and a point p ∈ Ω such that φk(p)→ ξ. Then Ω is
complete Kobayashi hyperbolic and (Ω, dKΩ ) is Gromov hyperbolic.
It should be noticed that in the previous result we are not assuming boundedness
or global smoothness of the domain. We refer the reader to, e.g., [2], [15] and [17] and
bibliography therein for more about domains with a non-compact automorphisms group.
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As applications of our results, we study extension of biholomorphisms and commuting
maps in finite type domains of C2. The canonical homeomorphism between the Gromov
boundary (or any other “intrinsic” boundary) and the natural boundary of a domain,
allows to prove that every biholomorphism—and more general, every quasi-isometry—
extends as a homeomorphism on the boundary (see [13, 8, 9, 10]). Using our main result,
we can add bounded smooth finite type domains to this list (see Theorem 7.3). Finally,
our main result allows to obtain an extension of a result of Behan [3] for commuting
holomorphic self-maps of the unit disc to the setting of finite type domains in C2 (see
Theorem 7.5).
Acknowledgements: The author would like to express his gratitude to Prof. Hervé
Gaussier for his availability and for introducing him to Gromov hyperbolicity theory, and
to Prof. Filippo Bracci for useful discussions and suggestions.
2. Preliminaries
2.1. Finsler metrics and Kobayashi distance. In this section we will review some of
the main concept about Finsler metrics and in particular about Kobayashi metric. An
introduction can be found respectively in [1] and in [19].
Definition 2.1. Let Ω ⊂ Cd be a domain. A Finsler metric is an upper semicontinuous
function F : Ω× Cd −→ [0,+∞) with the following properties
(1) F (p, v) > 0 for all p ∈ Ω, v ∈ Cd v 6= 0;
(2) F (p, λv) = |λ|F (p, v) for all p ∈ Ω, v ∈ Cd and λ ∈ C.
Given a Finsler metric, we can define a distance on Ω
dFΩ(p, q) = inf
{∫ 1
0
F (γ(t), γ′(t))dt : γ : [0, 1] −→ Ω, C1 piecewise, γ(0) = p, γ(1) = q
}
.
An important Finsler metric in complex analysis is the Kobayashi metric: we define the
following function
KΩ(p, v) := inf{|λ| : f : D −→ Ω holomorphic, f(0) = p, df0(λ) = v}.
If for each p ∈ Ω and v 6= 0 KΩ(p, v) > 0 we say that Ω is Kobayashi hyperbolic, and in
this case KΩ is a Finsler metric on Ω that we call Kobayashi metric. Finally, the associate
distance dKΩ is called Kobayashi distance.
We finish this fast review with the following fundamental result
Proposition 2.2. Let Ω1 ⊂ C
n and Ω2 ⊂ C
m be two domains, and f : Ω1 −→ Ω2 be an
holomorphic function. Then for each p, q ∈ Ω1 and v ∈ C
2 we have
KΩ2(f(p), dfp(v)) ≤ KΩ1(p, v)
and
dKΩ1(f(p), f(q)) ≤ d
K
Ω2
(p, q),
moreover, if f is a biholomorphism we have the equality in both the equations.
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2.2. Gromov hyperbolic spaces. One of the possible reverence for the Gromov hyper-
bolic spaces is Bridson and Haefliger’s book [12].
We recall that a metric space (X, d) is called proper if the closed balls are compact.
Definition 2.3. Let (X, d) be a metric space, I ⊂ R be an interval and let A ≥ 1 and
B ≥ 0. A continuous function σ : I −→ X is
(1) a geodesic if for each s, t ∈ I
d(σ(s), σ(t))) = |t− s|.
(2) a (A,B) quasi-geodesic if for each s, t ∈ I
A−1|t− s| − B ≤ d(σ(s), σ(t))) ≤ A|t− s|+B.
Finally, we use the word ray if I = [0,+∞), and line if I = R.
A geodesic space is a metric space if for every two points there is a geodesic that
connects them. A geodesic triangle is a choice of three points in X and geodesic segments
connecting these points.
Definition 2.4. A proper geodesic metric space (X, d) is called δ-hyperbolic if for every
geodesic triangle and any point on any of the sides of the triangle is within distance δ of
the other two sides. Finally, a metric space is Gromov hyperbolic if it is δ-hyperbolic for
some δ ≥ 0.
For every x, y, o ∈ X we define the Gromov product as
(x|y)o :=
1
2
[d(x, o) + d(y, o)− d(x, y)].
The Gromov hyperbolic spaces have a natural definition of boundary: let A the set of
geodesic rays starting from a fixed point o ∈ X and ∼ a relation on A given by
σ1 ∼ σ2 ⇔ sup
t≥0
d(σ1(t), σ2(t)) < +∞.
If (X, d) is Gromov hyperbolic then ∼ is an equivalence relation. We define the Gromov
boundary as ∂GX := A/ ∼, and the Gromov compactification as X
G
:= X ∪ ∂GX.
We can also define a topology onX
G
. For simplicity we introduce the following notation:
if σ : [0, T ] −→ X is a geodesic we set σ(∞) := σ(T ), and if σ : [0,+∞) −→ X is a
geodesic ray we set σ(∞) as the equivalence class in ∂GX. Now X
G
has a topology where
ξn ∈ X
G
→ ξ ∈ X
G
if for every choice of geodesic σn with σn(0) = o and σn(∞) = ξn we
have that every subsequence of {σn} has a subsequence which converges locally uniformly
to a geodesic σ with σ(∞) = ξ. Finally it easy to see that the subspace topology of X is
the same topology that arise from (X, d).
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The interest on this compactification is due to the nice theorem about the extension
of mappings. We say that a continuous bijective function f : (X, dX) −→ (Y, dY ) is a
quasi-isometry if there exists A ≥ 1 and B ≥ 0 such that for every p, q ∈ X
A−1dX(p, q)−B ≤ dY (f(p), f(q)) ≤ AdX(p, q) +B.
Finally, we recall that Gromov hyperbolicity is invariant for quasi isometries.
Theorem 2.5. Let (X, dX) and (Y, dY ) be two Gromov hyperbolic spaces, and f : X −→ Y
be a quasi-isometry. Then f extends to an unique homeomorphism f ∗ : X
G
−→ Y
G
.
3. Catlin metric for finite type domains
In this section we introduce a Finsler metric which can be defined in a domain in C2
near a boundary point of finite type. This metric was introduced by Catlin in [14] to have
an estimates of Kobayashi metric near a boundary point of finite type. This estimates
can be see as a generalisation in C2 of the metric defined in [13] that works in strongly
pseudoconvex domains.
Let Ω ⊆ C2 be a pseudoconvex domain, r its definition function. Let ξ ∈ ∂Ω such that
r is smooth of finite type in a neighborhood of ξ. Let suppose that ∂r
∂w
(ξ) 6= 0, then in a
neighborhood of ξ we can define the following vector fields
Lr :=
∂
∂z
−
( ∂r
∂w
)−1 ∂r
∂z
∂
∂w
, and N :=
∂
∂w
.
For any j, k > 0, set
L
j,k
r (p) := Lr . . . Lr︸ ︷︷ ︸
j−1 times
L¯r . . . L¯r︸ ︷︷ ︸
k−1 times
Lr(p)(Lr, L¯r).
Now if p ∈ ∂Ω is point of type m there exist j0, k0 with j0 + k0 = m (see [14]) such that
L
j,k
r (p) = 0 j + k < m, and
L
j0,k0
r (p) 6= 0.
Let define
Crl (p) = max{|L
j,k
r (p)| : j + k = l}.
Let X = aLr + bN be an holomorphic tangent vector at p and set
Mr(p,X) :=
|b|
|r(p)|
+ |a|
m∑
l=2
(Crl (p)
|r(p)|
) 1
l
. (1)
The interest in this metric is given by the following
Theorem 3.1 (Catlin). [14] Let Ω ⊂ C2 be a bounded smooth pseudoconvex domain with
definition function r. Let ξ ∈ ∂Ω of finite type, then there exists a neighborhood U of ξ
and A ≥ 1 such that
A−1Mr(x, v) ≤ KΩ(x, v) ≤ AMr(x, v)
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for each x ∈ Ω ∩ U and v ∈ C2.
We will see in the next section the importance of the model domains. A model domain
ΩP is a domain of the form
ΩP = {(z, w) ∈ C
2 : Re[w] + P (z) < 0},
where P : C −→ R is a subharmonic polynomial without harmonic terms (i.e. if we write
P (z) =
∑
j+k≤l aj,kz
j z¯k then a0,k = aj,0 = 0 for each 0 ≤ j, k ≤ l) and P (0) = 0.
If we set rP (z, w) := Re[w] + P (z) the definition function of ΩP , since
∂rP
∂w
≡ 1
2
we can
define the metric- (1) in all ΩP and we obtain the following formula.
Lemma 3.2. The Catlin metric in ΩP is
MrP ((z, w), (x, y)) =
|y + 2xP ′(z)|
|rP (z, w)|
+ |x|
m∑
l=2
( APl (z)
|rP (z, w)|
) 1
l
,
where rP (z, w) = Re[w] + P (z) and A
P
l (z) = max
{∣∣∣ ∂j+kP∂zj∂z¯k (z)∣∣∣ : j, k > 0, j + k = l}.
Now we prove that the estimate in Theorem 3.1 works also in homogeneous model
domains.
Proposition 3.3. Let H : C −→ R be subharmonic homogeneous polynomial without
harmonic terms of degree m and ΩH be its model domain. Then there exists A ≥ 1 such
that
A−1MrH (x, v) ≤ KΩH (x, v) ≤ AMrH (x, v) (2)
for each x ∈ ΩH and v ∈ C
2.
Proof. We prove first two accessory results.
Claim 1: For each ξ ∈ ∂ΩH , there exist a neighborhood U of ξ and A ≥ 1 such that
(2) holds for each x ∈ ΩH ∩ U .
Proof. We cannot apply directly Theorem 3.1 because ΩH is not bounded, for this reason
we need a localization result. Fix R > 0 such that ξ ∈ BR(0) and ΨR(x) = x
m exp(−1/
(x−R))χ[R,∞) and set
r(z, w) := Re[w] + P (z) + ΨR(|z|
2 + |w|2)
and Ω := {r < 0}. Notice that Ω is bounded, smooth, pseudoconvex, Ω ∩ BR(0) =
ΩH ∩BR(0) and Mr = MrH in Ω∩BR(0). Now we can apply Theorem 3.1 to ξ ∈ ∂Ω, then
there exist a neighborhood U ⊂ Ω ∩ BR(0) of ξ and B ≥ 1 such that for all x ∈ Ω ∩ U
and v ∈ C2 we have
B−1Mr(x, v) ≤ KΩ(x, v) ≤ BMr(x, v).
Moreover, by Theorem 2.2 in [21], we have
lim
Ω∩U∋x→∂Ω
KΩ(x, v)
KΩH(x, v)
= 1
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and the limit is uniform, indeed there exist C ≥ 1 such that for all x ∈ Ω ∩ U , v ∈ C2
C−1KΩ(x, v) ≤ KΩH (x, v) ≤ CKΩ(x, v).
Finally, the two estimates implies the statement if we set A := BC. 
For all λ > 0 let define Φλ(z, w) := (λz, λ
mw). Since H is homogeneous of degree m,
Φλ is an automorphism of ΩH for all λ > 0.
Claim 2: The function Φλ is an isometry for MrH , that is for all p ∈ ΩH and v ∈ C
2
we have
Φ∗λMrH (p, v) = MrH (p, v).
Proof. Elementary computation. 
Now we are ready for the proof of the Proposition. For all p ∈ ΩH and v ∈ C
2, let λ > 0
small enough such that Φλ(p) ∈ U where U is the neighborhood of Claim 1. Using Claim
2 and recalling that the automorphisms are isometry of the Kobayashi metric, we have
KΩH (p, v) = KΩH (Φλ(p), (dΦλ)pv) ≤ AMrH (Φλ(p), (dΦλ)pv) = AMrH (p, v)
and similarly for the other inequality. 
4. Scaling of cordinates
In this section we do a scaling process in order to have the following result (the technique
is essentially the one in [4], but we repeat the proof because we need to study the behaviour
of Catlin’s metric).
Theorem 4.1. Let Ω ⊂ C2 be a pseudoconvex domain, and {ηn}n∈N ⊆ Ω a sequence that
converges to a point η∞ ∈ ∂Ω such that ∂Ω is smooth and of finite type in a neighborhood
U of η∞. Let denote r its definition function, and Mr the Catlin metric defined in a
neighborhood U of η∞. Then there exists a sequence of automorphisms of C
2 {ψn}n∈N and
a polinomial P : C −→ R subharmonic, without harmionic terms and P (0) = 0, such that
(1) there exists ǫn → 0 such that rn :=
1
ǫn
r ◦ ψ−1n → rP locally uniformy on C
2;
(2) there exists An ց 1 such that
A−1n Mrn ≤ (dψ
∗
n)Mr ≤ AnMrn
in ψn(Ω ∩ U) and Mrn →MrP locally uniformly on ΩP ;
(3) ψn(ηn)→ (0,−1).
After an holomorphic change of coordinates we can suppose that ηn converges to the
origin and
r(z, w) = Re[w] +H(z) + o(|z|m+1 + |z||w|) (3)
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where H : C −→ R is an homogeneous polynomial of degree m, subharmonic and without
harmonic terms. Let consider ǫn > 0 such that
(
η
(1)
n , η
(2)
n + ǫn
)
is in ∂Ω and let define the
following automorfism of C2
φ−1n (z, w) =
(
η(1)n + z, η
(2)
n + ǫn + dn,0w +
m∑
k=2
dn,kz
k
)
where dn,k are chosen such that r ◦ φn = Re[w] + Qn(z) + o(|z|
m+1 + |z||w|) where Qn :
C −→ R is a subharmonic polynomial without harmonic terms and Qn(0) = 0. Notice
that for n→∞ we have dn,0 → 1 and dn,k → 0 for all k = 1, . . .m. Now let define τn > 0
such that
||Qn(τnz)|| = ǫn
where || · || is a norm in the space of polynomials of degree less then m: if we denote with
Pn(z) =
1
ǫn
Qn(τnz) there exists a subsequence such that Pn converges to a polynomial P .
Finally, let define
δn(z, w) =
(
z
τn
,
w
ǫn
)
,
and ψn = δn ◦ φn.
By a simple computation we have
1
ǫn
r ◦ ψ−1n → rP
uniformly in a neighborhood of the origin in Cm topology, and that
ψn(ηn) =
(
0,−d−1n,0
)
→ (0,−1)
Now we want to prove (2). First of all we have
∂rn
∂w
(p) =
∂
∂w
[
1
ǫn
r ◦ ψ−1n (p)
]
= d0,n
∂r
∂w
(ψ−1n (p))
∂rn
∂z
(p) =
∂
∂z
[
1
ǫn
r ◦ ψ−1n (p)
]
=
[
τn
ǫn
∂r
∂z
(ψ−1n (p)) +
τn
∑m
k=2 kdn,k(τnz)
k−1
ǫn
∂r
∂w
(ψ−1n (p))
]
.
And this implies that
τn((dψn)∗Lr)(p) = τn(dψn)ψ−1n (p)Lr(ψ
−1
n (p))
=
(
1 0
−d−10,nτnǫ
−1
n
∑m
k=2 kdn,k(τnz)
k−1 d−10,nτnǫ
−1
n
)(
1
−
(
∂r
∂w
(ψ−1n (p))
)−1 ∂r
∂z
(ψ−1n (p))
)
=
(
1
−
(
∂rn
∂w
(p)
)−1 ∂rn
∂z
(p)
)
= Lrn(p),
GROMOV HYPERBOLICITY OF PSEUDOCONVEX FINITE TYPE DOMAINS IN C
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moreover
Lrn → LrP =
∂
∂z
− 2P ′
∂
∂w
.
Now using the chain rule for the Levi form we have
τ 2n
ǫn
L
1,1
r (ψ
−1
n (p)) =
τ 2n
ǫn
Lr(ψ
−1
n (p))(Lr(ψ
−1
n (p)), Lr(ψ
−1
n (p)))
=
τ 2n
ǫn
Lr◦ψ−1n
(p)((dψn)∗Lr(p), (dψn)∗Lr(p))
= L 1
ǫn
r◦ψ−1n
(p)(τn(dψn)∗Lr(p), τn(dψn)∗Lr(p))
= Lrn(p)(Lrn(p), Lrn(p)) = L
1,1
rn (p)
Consequently we have for each l ∈ {2, . . . , m}
τ ln
ǫn
Crl (ψ
−1
n (p)) = C
rn
l (p),
and
Crnl (p)→ C
rP
l (p) = A
P
l (z)
uniformly on compact sets of C2.
Now, let v =
(
x
y
)
∈ C2 and a(p, v), b(p, v) ∈ C such that v = a(v, p)Lr(p)+b(v, p)N(p).
Then
a(p, v) = x
b(p, v) = y +
(
∂r
∂w
(p)
)−1
∂r
∂z
(p)x
Thus
τn
−1a(ψ−1n (p), (dψ
−1
n )pv) = x
and
ǫn
−1b(ψ−1n (p), (dψ
−1
n )pv) = d0,n
[
y +
(
∂rn
∂w
(p)
)−1
∂rn
∂z
(p)x
]
that implies the thesis if we set An = max{|dn,0|, |dn,0|
−1} → 1.
5. Gromov hyperbolicity of model domains
In this section we prove the Gromov hyperbolicity of the Catlin distance in the model
domains. In particular if the polynomial is homogeneous, using Proposition 3.3 we have
the Gromov hyperbolicity of the Kobayashi distance.
We start with a scaling process at infinity for model domains (we omit the proof because
is analogous to Theorem 4.1)
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Proposition 5.1. Let ΩP be a model domain. Let {un}n∈N a sequence of points that
goes to ∞. Then there exist a sequence of automorphisms of C2 {ψn}n∈N, a λn > 0
and Qn : C −→ R a subharmonic polynomial without harmonic terms, Qn(0) = 0 that
converges local uniformly on Q, such that
(1) 1
λn
rP ◦ ψ
−1
n = rQn → rQ locally uniformly on C
2,
(2) (dψ∗n)MrP = MrQn →MrQ locally uniformly on ΩQ,
(3) ψn(ηn) = (0,−1).
Now we want to study the geodesics in model domains with respect to the Catlin metric.
Lemma 5.2. Let ΩP be a model domain, then for each (z, w) ∈ ∂ΩP and a > 0 the
following curve
σ(t) = (z, w − ae−t), t ∈ R
is a geodesic ray with respect to the Catlin metric.
Proof. First of all we notice that for each p, q ∈ ΩP and γ a generic C
1 piecewise curve
joying p to q we have
dCrP (p, q) = infγ
∫
MrP (γ(u), γ
′(u))du ≥ inf
γ
∫
|γ′2(u) + 2γ
′
1(t)P (γ2(t))|
−Re[γ2(u)]− P (γ1(u))
du ≥
∣∣∣∣log
(
rP (p)
rP (q)
)∣∣∣∣ ,
(4)
so in particular for all s ≤ t we obtain dCrP (σ(s), σ(t)) ≥ t − s. Moreover from a simple
computation we have
lenght(σ|[s,t]) = t− s,
which implies that σ is a geodesic line. 
In order to talk about the Gromov hyperbolicity of (ΩP , d
C
ΩP
) we need to know that
is a geodesic space. Thanks to Hopf-Rinow Theorem it is enough to prove that it is a
complete metric space.
Proposition 5.3. Let ΩP be a model domain, then (ΩP , d
C
rP
) is a complete metric space,
in particular it is a geodesic space.
Proof. Let denote o := (0,−1) ∈ ΩP . It is sufficient to show that if pn → ξ ∈ ∂ΩP ∪ {∞}
then
dCrP (o, pn)→ +∞.
Then let consider for each n ∈ N a piecewise C1 curve γn : [0, 1] −→ ΩP such that
γn(0) = o and γ(1) = pn and d
C
rp(o, pn) ≥ lenght(γn)− ǫn with ǫn → 0. Let define
M := sup
n∈N
max
t∈[0,1]
| log(|rP (γn(t))|)|.
We distinguish two cases: If M = +∞ then there exists tn ∈ [0, 1] and qn := γn(tn) such
that | log(|rP (qn)|)| → +∞ and we obtain using the estimates (4)
dCrp(o, pn) ≥ lenght(γn)−ǫn ≥ lenght(γn|[0,tn])−ǫn ≥ d
C
rp(o, qn)−ǫn ≥ | log(|rP (qn)|)|−ǫn → +∞.
GROMOV HYPERBOLICITY OF PSEUDOCONVEX FINITE TYPE DOMAINS IN C
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Otherwise if M < +∞, first of all pn →∞ and we have that for each n ∈ N and t ∈ [0, 1]
e−M ≤ |rP (γn(t))| ≤ e
M
then there exists c > 0 such that
MrP (γn(t), γ
′
n(t)) ≥ ce
−M ||γ′n(t)||
that implies
lenght(γn) ≥ ce
−M ||pn − o|| → +∞.

Now we have a sequence of results concerning the behaviour of the geodesics.
Proposition 5.4. Let ΩP be a model domain, let pn, qn ∈ ΩP be two sequences with
pn → ξ
+ ∈ ∂Ω ∪ {∞} and qn → ξ
− ∈ ∂Ω, and
lim inf
n,m→∞
(pn|qm)o <∞,
then ξ+ 6= ξ−.
Proof. By passing to subsequences we may assume limn→∞(pn|qn)o exists and it is finite.
Assume by contradiction that ξ+ = ξ− =: ξ ∈ ∂Ω. Define an = −rP (pn) > 0 and
bn = −rP (qn) > 0 and
σ+n (t) = pn + (0, an − e
−t), and σ−n (t) = qn + (0, bn − e
−t).
By Lemma 5.2, they are geodesics. Now notice that there exists R > 0 such that for
each n we have d(σ+n (0), o) < R and d(σ
−
n (0), o) < R. Finally, σ
+
n (− ln(an)) = pn and
σ+n (− ln(bn)) = qn.
Now
d(o, pn) ≥ d(σ
+
n (0), pn)− d(o, σ
+
n (0)) ≥ − ln(an)− R
and similarly
d(o, qn) ≥ d(σ
−
n (0), qn)− d(o, σ
−
n (0)) ≥ − ln(bn)− R.
Instead, fixing T > 0,
d(pn, qn) ≤ d(pn, σ
+
n (T ))+d(σ
+
n (T ), σ
+
n (T ))+d(qn, σ
−
n (T )) = −2T−ln(anbn)+d(σ
+
n (T ), σ
+
n (T )).
So
2(pn|qn)o = d(o, pn) + d(0, qn)− d(pn, qn) ≥ − 2T − 2R− d(σ
+
n (T ), σ
+
n (T ))
but
lim
n→∞
d(σ+n (T ), σ
+
n (T )) = lim
n→∞
d(pn+(0, an−e
−T ), qn+(0, bn−e
−T )) = d(ξ+(0,−e−T ), ξ+(0,−e−T )) = 0
Which implies
lim
n→∞
(pn|qn)o ≥ T − R
by the arbitrariness of T we have a contradiction. 
12 MATTEO FIACCHI
Lemma 5.5. Let Ω, {ψn}n∈N and P as in Theorem 4.1 or 5.1, then for each R > 0 there
exist c > 0 and C > 0 such that eventually in n
Mrn(x, v) ≥
c||v||
|rn(x)|
1
m
, ∀x ∈ ψn(Ω) ∩BR(0), v ∈ C
2
and
dCrn(x, o) ≤ C + ln
(
1
|rn(x)|
)
, ∀x ∈ ψn(Ω) ∩ BR(0).
Proof. First of all notice that since p ∈ BR(0) and rn → rP locally uniformly there exist
A > 0 such that |rn(p)| ≤ A for each n ∈ N, moreover for each l ∈ {1, . . . , m}
|rn(p)|
1
l ≤ A
1
l
− 1
m |rn(p)|
1
m .
Now since there exists B > 0 such that for each p = (z, w) ∈ BR(0)
∑m
l=2(A
P
l (z))
1
l > B
and
m∑
l=2
(Crnl (p))
1
l →
m∑
l=2
(APl (z))
1
l ,
then eventually in n
m∑
l=2
(Crnl (p))
1
l ≥ B.
With the same argument we have there exists D > 0 such that for each p ∈ BR(0) we
have ∣∣∣∣∣
(
∂rn
∂w
(p)
)−1
∂rn
∂z
(p)
∣∣∣∣∣ ≤ D
Moreover we notice that for each x, y, a ∈ C we have
|y + ax| + |x| ≥
1
1 + |a|
(|x|+ |y|).
Finally,
Mrn(p, (x, y)) =
|y + x
(
∂rn
∂w
(p)
)−1 ∂rn
∂z
(p)|
|rn(p)|
+ |x|
m∑
l=2
(Crnl (z)
|rn(p)|
) 1
l
≥
1
|rn(p)|
1
m
(
A
1
m
−1
∣∣∣∣∣y + x
(
∂rn
∂w
(p)
)−1
∂rn
∂z
(p)
∣∣∣∣∣+ |y|BA 1m
)
≥
A
1
m min{A−1, B}
1 +D
|x|+ |y|
|rn(p)|
1
m
≥
c||v||
|rn(p)|
1
m
that it is first estimate if we set c := A
1
m min{A−1,B}
1+D
.
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For the second estimate, let notice that for each R′ > 0 there exists C(R′) > 0 such
that
dCrP (q, o) < C(R
′), ∀q ∈ BR′(0), rP (q) = −1
and since dCrn converges uniformly to d
C
ΩP
on the compact sets of Ω× Ω we have
dCrn(q, o) ≤ C(R
′), ∀q ∈ BR′(0), rn(q) = rn(o).
Now for each p ∈ ψn(Ω) ∩ BR(0), let q = p + (0, λ) ∈ ψn(Ω) with λ ∈ R be a point such
that rn(q) = rn(o), then using Lemma 5.2 we have that
dCrn(p, q) =
∣∣∣∣ln
(
rn(q)
rn(p)
)∣∣∣∣ =
∣∣∣∣ln
(
rn(o)
rn(p)
)∣∣∣∣ .
Now notice that there exists R′ > 0 such that for each n ∈ N and p ∈ ψn(Ω) the
corresponding q is in BR′(0), then
dCrn(p, o) ≤ d
C
rn(p, q) + d
C
rn(q, o) ≤
∣∣∣∣ln
(
rn(o)
rn(p)
)∣∣∣∣+ A(R′)
≤ ln
(
1
|rn(p)|
)
+ ln(A) + C(R′) ≤ ln
(
1
|rn(p)|
)
+ C
that it is the second estimate if we set C := ln(A) + C(R′). 
Corollary 5.6. Let Ω, {ψn}n∈N and P as in Theorem 4.1 or 5.1, then for each R > 0,
A ≥ 1 and B ≥ 0 there exists a L := L(R,A,B) > 0 such that for every n ∈ N a (A,B)
quasi-geodesic σ of ψn(Ω) contained in BR(0) is L-Lipschitz (with respect to the euclidean
distance of C2).
Proof. Using the first estimate of Lemma 5.5 and noticing that there exists D > 0 such
that |rn(p)| ≤ D for each n ∈ N and p ∈ BR(0), we have
A ≥Mrn(σ(t), σ
′(t)) ≥
c||σ′(t)||
|rn(σ(t))|
1
m
≥ cD−
1
m ||σ′(t)||
that implies
||σ′(t)|| ≤ AD
1
m c−1 =: L
thus σ is L-Lipschitz. 
Proposition 5.7. Let Ω ⊂ C2, {ψn}n∈N and P : C −→ R be as in Theorem 4.1 or 5.1.
Let σn : [an, bn] −→ Ω be a sequence of (A,B) quasi-geodesics, and let define σ˜n := ψn◦σn.
Let suppose that there exists R > 0 such that
(1) σ˜n([an, bn]) ⊂ BR(0),
(2) limn→∞ ||σ˜n(an)− σ˜n(bn)|| > 0,
then there exists Tn ∈ [an, bn] such that the sequence of t 7→ σ˜n(t+Tn) converges uniformly
on compact set to a (A,B) quasi-geodesic σ˜ : R −→ ΩP .
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Proof. Let suppose
lim
n→∞
||σ˜n(an)− σ˜n(bn)|| = ǫ,
then there exists Tn ∈ [an, bn] such that
lim
n→∞
||σ˜n(an)− σ˜n(Tn)|| = lim
n→∞
||σ˜n(Tn)− σ˜n(bn)|| ≥ ǫ/2.
By passing to a subsequence we may assume that σ˜n(Tn) converges to a point p ∈
ΩP ∩ BR(0). If y ∈ ΩP , then by Ascoli-Arzelà theorem there exists a subsequence such
that σ˜n converges to a geodesic σ˜ : R −→ ΩP .
Otherwise if p ∈ ∂ΩP , we can suppose that σ˜n(an) → ξ
− ∈ ΩP ∩ BR(0) and σ˜n(bn) →
ξ+ ∈ ΩP ∩BR(0): if both ξ
+, ξ− ∈ ΩP then
dCΩP (ξ
+, ξ−) = lim
n→∞
dCrn(σ˜n(an), σ˜n(bn))
≥ lim
n→∞
[A−1|bn − an| −B]
= lim
n→∞
[A−1(|bn − Tn|+ |Tn − an|)−B]
≥ lim
n→∞
[A−2dCrn(σn(bn), σn(Tn)) + A
−2dCrn(σn(Tn), σn(an)))− 2A
−1B − B] =∞
that is impossible. Then one of ξ+, ξ− is in ∂ΩP , for example ξ
+ =: ξ ∈ ∂ΩP .
Now for n→∞
max{|rn(σ˜n(t))| : t ∈ [Tn, bn]} → 0
indeed if there exists T ′n ∈ [Tn, bn] such that |rn(σ˜n(T
′
n))| > C > 0 then using Ascoli-Arzelà
theorem we have a contradiction. Up to change of parametrization we can suppose that
0 ∈ [Tn, bn] and
|rn(σ˜n(0))| = max{|rn(σ˜n(t))| : t ∈ [Tn, bn]} → 0.
Now by Lemma 5.6, σ˜n|[Tn,bn] are L-Lipschitz, then there exists a subsequence that
converges uniformly on compact sets to σˆ : R −→ ∂ΩP . Let’s prove the following two
Claims
Claim 1: σˆ is constant. Indeed we have from Lemma 5.5 that for each t ∈ [Tn, bn]
A ≥Mrn(σ˜n(t), σ˜
′
n(t)) ≥
c||σ˜′n(t)||
|rn(σ˜n(t))|
consequently
||σ˜′n(t)|| ≤ Ac
−1|rn(σ˜n(t))|
for each u, v ∈ R
||σˆ(u)− σˆ(v)|| =
∫ v
u
||σˆ′(t)||dt = lim
n→∞
∫ v
u
||σ˜′n(t)||dt ≤ lim
n→∞
Ac−1
∫ v
u
|rn(σ˜n(t))|dt = 0,
i.e. σˆ is constant.
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Claim 2: σˆ is not constant. We have from the second estimate of Lemma 5.5
A−1|t|−B ≤ dCrn(σ˜n(0), σ˜n(t)) ≤ d
C
rn(σ˜n(0), o)+d
C
rn(o, σ˜n(t)) ≤ 2C+ln
(
1
|rn(σ˜n(0))rn(σ˜n(t))|
)
Then
|rn(σ˜n(t))| ≤
√
|rn(σ˜n(t))rn(σ˜n(0))| ≤ e
C+B
2
−A
2
|t|.
Now let T ′, b′ ∈ R
||σˆ(T ′)− σˆ(b′)|| = lim
n→∞
||σ˜n(T
′)− σ˜(b′)||
≥ lim
n→∞
(||σ˜n(bn)− σ˜n(Tn)|| − ||σ˜n(T
′)− σ˜n(Tn)|| − ||σ˜n(bn)− σ˜n(b
′)||)
≥ ||p− ξ|| − lim sup
n→∞
∫ bn
b′
||σ˜′n(t)||dt− lim sup
n→∞
∫ T ′
Tn
||σ˜′n(t)||dt
≥ ||p− ξ|| − Ac−1 lim sup
n→∞
∫ bn
b′
|rn(σ˜n(t))|dt− Ac
−1 lim sup
n→∞
∫ T ′
Tn
|rn(σ˜n(t))|dt
≥ ||p− ξ|| − Ac−1 lim sup
n→∞
∫ bn
b′
eC−
1
2
|t|dt−Ac−1 lim sup
n→∞
∫ T ′
Tn
eC−
1
2
|t|dt
≥ ||p− ξ|| − Ac−1
∫ ∞
b′
eC+
B
2
−A
2
|t|dt− Ac−1
∫ T ′
−∞
eC+
B
2
−A
2
|t|dt > 0
if −T ′ and b′ are big enough, then σˆ is not constant.
Claim 1 and Claim 2 are in contradiction, then p ∈ ΩP . 
Corollary 5.8. Let Ω ⊂ C2, {ψn}n∈N and P : C −→ R be as in Theorem 4.1 or 5.1. Let
σn : [an, bn] −→ Ω be a sequence of (A,B) quasi-geodesics, and let define σ˜n := ψn◦σn. Let
suppose that σn converges locally uniformly to a (A,B) quasi-geodesic lines σ˜ : R −→ ΩP .
If limn→∞ σ˜n(bn) =: x∞ then
lim
t→+∞
σ˜(t) = x∞
Proof. By contradiction, let suppose that
y∞ := lim
t→+∞
σ˜(t) 6= x∞.
Since σ˜n converges locally uniformly to σˆ there exists a sequence {tn}n∈N with tn ∈ [an, bn]
and tn →∞ such that
lim
n→∞
σ˜n(tn) = y∞.
Since x∞ and y∞ are different at least one is finite and hence there exist t
′
n, b
′
n ∈ R with
tn ≤ t
′
n ≤ b
′
n ≤ bn, R > 0 and ǫ > 0 such that
(1) σ˜n([t
′
n, b
′
n]) ⊂ BR(0),
(2) limn→∞ ||σ˜n(t
′
n)− σ˜n(b
′
n)|| > ǫ.
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We can use Proposition 5.7, then there exists Tn ∈ [t
′
n, b
′
n] such that t 7→ σ˜n(t + Tn)
converges to a (A,B) quasi-geodesic line σˆ. Finally
dCΩP (σ˜(0), σˆ(0)) = limn→∞
dCrn(σ˜n(0), σ˜n(Tn) ≥ limn→∞
A−1Tn −B ≥ lim
n→∞
A−1tn −B =∞
but this is a contradiction. 
Corollary 5.9. Let ΩP be a model domain, let pn, qn ∈ ΩP be two sequence with pn →
ξ+ ∈ ∂Ω ∪ {∞} and qn → ξ
− ∈ ∂Ω ∪ {∞}, and
lim
n,m→∞
(pn|qm)o =∞,
then ξ+ = ξ−.
Proof. Let suppose by contradiction that ξ+ 6= ξ− and let consider σn : [an, bn] −→ ΩP be
a sequence of geodesics such that 0 ∈ [an, bn] and σn(an) = pn and σn(bn) = qn. Now we
can use Proposition 5.7, then σn converges local uniformly to a geodesic σ : R −→ ΩP .
Finally, recalling the formula
|(x|y)o − (x|y)o′| ≤ d(o, o
′)
and, given a geodesic γ, we have for each s ≤ 0 ≤ t
(γ(s)|γ(t))γ(0) = 0.
Finally
lim
n→∞
(pn|qn)o = lim
n→∞
(σn(an)|σn(bn))o ≤ lim
n→∞
[(σn(an)|σn(bn))σn(0)+d(σn(0), o)] = d(σ(0), o) <∞.

Lemma 5.10. Let ΩP be a model domain. Then there exists no geodesic σ : R −→ ΩP
such that
lim
t→∞
σ(t) = lim
t→−∞
σ(t) =∞
Proof. Let denote with m the degree of P . If there exists such geodesic σ, let consider the
following family of automorphisms of C2,
Φn : C
2 −→ C2, (z, w) 7−→ (n−1z, n−mw).
Notice that Φn(ΩP ) = ΩPn where Pn(z) = n
−mP (nz), which, up to subsequence, converges
to an homogeneous polynomial H . Finally, let define σn = Φn ◦σ, σ
+
n = σn|[0,∞) and σ
−
n =
σn|(−∞,0]. By Proposition 5.7, there exist two sequences an, bn →∞ such that σ
+
n (t− an)
and σ−n (t + bn) converge locally uniformly respectively to the geodesics σ
+
∞ : R −→ ΩH
and σ−∞ : R −→ ΩH . Now
dCH(σ
+
∞(0), σ
−
∞(0)) = lim
n→∞
dCPn(σ
+
n (−an), σ
−
n (bn)) = lim
n→∞
dCP (σ(−an), σ(bn)) = lim
n→∞
bn+an =∞
which is a contradiction. 
Finally we can prove the well behaviour of the geodesic lines in the model domains.
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Proposition 5.11. Let ΩP a model domain and σ : R −→ ΩP be a geodesic. Then both
lim
t→∞
σ(t), lim
t→−∞
σ(t)
exist in C2 and they are different.
Proof. First of all we prove that exists limt→∞ σ(t) (the limit to −∞ is analogous). By
contradiction, if there exist tk, sk →∞ such that
lim
k→∞
σ(tk) 6= lim
k→∞
σ(sk)
then
lim
k→∞
(σ(tk)|σ(sk))σ(0) = lim
k→∞
1
2
[tk + sk − |tk − sk|] = lim
k→∞
min{tk, sk} =∞
that implies, using Corollary 5.9, that limk→∞ σ(tk) = limk→∞ σ(sk), which is a contra-
diction.
Now we have to prove that limt→∞ σ(t) and limt→−∞ σ(t) are different. By Lemma 5.10
they cannot be both ∞, then we can use Proposition 5.4 after noticing that
(σ(−t)|σ(t))σ(0) ≡ 0.
Then limt→∞ σ(t) 6= limt→−∞ σ(t). 
Finally we have all the ingredients to prove the main result of this section.
Theorem 5.12. Let ΩQ be a model domain, then (ΩQ, d
C
rQ
) is Gromov hyperbolic.
Proof. By contradiction, let suppose that (ΩQ, d
C
rQ
) is not Gromov hyperbolic, then there
exist three sequences of points {xn}n∈N, {yn}n∈N, {zn}n∈N, correspondent geodesic segment
{[xn, yn]}n∈N, {[yn, zn]}n∈N, {[xn, zn]}n∈N and a point un ∈ [xn, yn] such that for each n ∈ N
lim
n→∞
dCΩQ(un, [xn, zn] ∪ [yn, zn]) =∞.
Up to passing to a sub-sequences, we can suppose that un → ξ ∈ ΩQ. We have two cases
Case 1: ξ ∈ ΩQ.
First of all we can suppose that xn, yn, zn converge respectively to x∞, y∞, z∞ ∈ ΩQ ∪
{∞}, and since
lim
n→∞
dCΩQ(un, {xn, yn, zn}) ≥ limn→∞
dCΩQ(un, [xn, zn] ∪ [yn, zn]) =∞
we have x∞, y∞, z∞ ∈ ∂ΩQ ∪ {∞} Then after a reparametrisation, we can suppose that
[xn, yn](0) = un, and using Ascoli-Arzelà theorem [xn, yn] converges uniformly on compact
sets to a geodesic line σ : R −→ ΩQ. Now by Corollary 5.8 and Proposition 5.11 we have
x∞ 6= y∞, then one of the two is different from z∞, for example x∞ 6= z∞. Now using
Proposition 5.7, there exists Tn ∈ R such that t 7→ [xn, zn](t + Tn) converges locally
uniformly to a geodesic line σˆ. Finally
lim
n→∞
dCΩQ(σ(0), σˆ(0)) = limn→∞
dCΩQ([xn, yn](0), [xn, zn](Tn)) ≥ limn→∞
dCΩQ(un, [xn, zn]∪[yn, zn]) =∞
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and this is a contradiction.
Case 2: ξ ∈ ∂Ω.
Let {ψn}n∈N and P as in Theorem 4.1 or 5.1, then up to passing to subsequences
ψn(xn), ψn(yn) and ψn(zn) converge respectively to x∞, y∞ and z∞ in ΩP ∪ {∞}. Now
after a parametrization we can suppose that [xn, yn](0) = un, so using Ascoli-Arzelà
ψn([xn, yn]) converges to a geodedic σ of ΩP such that
lim
t→−∞
σ(t) = x∞, and lim
t→∞
σ(t) = y∞.
By Lemma 5.11, x∞ 6= y∞ so z∞ does not equal at least one of the two, for example
x∞ 6= z∞. Now by Proposition 5.7, ψn([xn, zn]) converges locally uniformly to the geodesic
σˆ : R −→ ΩQ. Finally
dCΩP ((0,−1), σˆ(0)) = limn→∞
dCΩQ(un, [xn, zn](0)) ≥ limn→∞
dCΩQ(un, [xn, zn] ∪ [yn, zn]) =∞
which is a contradiction.
Then (ΩQ, d
C
rQ
) is Gromov hyperbolic. 
From the general theory, we have that in a Gromov hyperbolic space also the (A,B)
quasi-geodesics have a well behaviour [], then we have directly the following
Corollary 5.13. Let ΩP a model domain and σ : R −→ ΩP be a (A,B) quasi-geodesic.
Then both
lim
t→∞
σ(t), lim
t→−∞
σ(t)
exist in C2 and they are different.
5.1. Gromov hypebolicity of domains with non-compact automorphism group.
At this point Theorem 1.2 descends easily from the results of this section.
First of all we recall the following result by Berteloot
Theorem 5.14. Let Ω ⊂ C2 be a pseudoconvex domain. Let suppose that there exists
ξ ∈ ∂Ω such that ∂Ω is smooth and of finite type in a neighborhood of ξ and there exists a
sequence of automorphisms {φk}k∈N and a point p ∈ Ω such that φk(p) → ξ. Then there
exists a subharmonic homogeneous polynomial H : C −→ R without harmonic terms such
that Ω is biholomorphic to ΩH .
Since the biholomorphism are isometries with respect to the Kobayashi distance, it is
sufficient to prove that (ΩH , d
K
ΩH
) is Gromov hyperbolic. But this follow from Proposi-
tion 3.3 and Theorem 5.12 and from the fact that Gromov hyperbolicity is invariant for
equivalent distances.
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6. Pseudoconvex bounded smooth finite type domains are Gromov
hyperbolic
Now we want to prove out main result (Theorem 1.1). As in the previous section, we
start studying the behaviour of the geodesics in a pseudoconvex smooth finite type domain
in C2. First of all we need to recall the following result about visibility.
Theorem 6.1. [5] Let Ω ⊂ C2 be bounded smooth pseudoconvex domain of finite type, let
fix A ≥ 1, B ≥ 0. If ξ, η ∈ ∂Ω and Vξ, Vη are neighborhood of ξ, η ∈ Ω so that Vξ ∩ Vη = ∅
then there exists a compact set K ⊂ Ω with the following property. if σ : [0, T ] −→ Ω is an
(A,B) quasi-geodesic with respect to the Kobayashi metric, with σ(0) ∈ Vξ and σ(T ) ∈ Vη
then σ ∩K 6= ∅.
Corollary 6.2. Let Ω ⊂ C2 be bounded smooth pseudoconvex domain of finite type, let
pn, qn ∈ Ω be two sequence with pn → ξ
+ ∈ ∂Ω and qn → ξ
− ∈ ∂Ω, and
lim
n,m→∞
(pn|qm)o =∞,
then ξ+ = ξ−.
Proof. Let suppose by contradiction that ξ+ 6= ξ− and let consider σn : [an, bn] −→ Ω be
a sequence of geodesics such that 0 ∈ [an, bn] and σn(an) = pn and σn(bn) = qn. Now from
Theorem 6.1, there exists a compact set K ⊂ Ω and Tn ∈ [an, bn] such that σn(Tn) ∈ K.
Finally
(pn|qn)o = (σn(an)|σn(bn))o ≤ d
K
Ω (σn(Tn), o) ≤ max{d
K
Ω (x, o) : x ∈ K} <∞
which is a contradiction. 
Proposition 6.3. Let Ω ⊂ C2 be bounded smooth pseudoconvex domain of finite type
σ : R −→ Ω be a geodesic. Then both
lim
t→∞
σ(t), lim
t→−∞
σ(t)
exist in ∂Ω and they are different.
Proof. The existence of the limit is the same argument of Proposition 5.11.
For the other part, if by contradiction if there exists a geodesic ray σ : R −→ Ω such
that limt→∞ σ(t) = limt→−∞ σ(t) =: ξ, after an affine transformation we can suppose that
ξ = (0, 0) and r is of the form (3). Let R > 0 such that in Ω∩BR(0) the Catlin metric is
well defined and it is equivalent to Kobayashi. Now let define
τ+ := inf{t ∈ [0,∞) : σ([t,∞)) ⊂ BR/2(0)},
τ− := sup{t ∈ (−∞, 0] : σ((−∞, t]) ⊂ BR/2(0)}.
Notice that σ+ := σ|[τ+,∞), σ
− := σ|(−∞,τ−] are (A, 0) quasi-geodesic with respect to
the Catlin metric. Let ηn := (0,−n
−1) and let consider {ψn}n∈N and P : C −→ R
as in Theorem 4.1. Let denote σ˜+n := ψn ◦ σ
+ and σ˜−n := ψn ◦ σ
−, and notice that
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limt→∞ σ˜
+
n (t) = limt→−∞ σ˜
−
n (t) = (0, 0) and limn→∞ σ˜
+
n (τ
+) = limn→∞ σ˜
−
n (τ
−) =∞, then
using Proposition 5.7 there exists T+n > 0 and T
−
n < 0 such that t→ σ˜
+
n (t+T
+
n ) converges
to a (A, 0) quasi-geodesic line σˆ+ : R −→ ΩP and t → σ˜
−
n (t + T
−
n ) converges to a (A, 0)
quasi-geodesic line σˆ− : R −→ ΩP . Finally, T
+
n →∞ and T
−
n → −∞, then
dCΩP (σˆ
+(0), σˆ−(0)) = lim
n→∞
dCrn(σ˜
+
n (T
+
n ), σ˜
−
n (T
−
n ))
= lim
n→∞
dCr (σ(T
+
n ), σ(T
−
n ))
≥ lim
n→∞
A−1dKΩ ((σ(T
+
n ), σ(T
−
n ))
= lim
n→∞
A−1|T+n − T
−
n | =∞
which is a contradiction. 
Now we can prove the main Theorem
Proof of Theorem 1.1. Part 1: (Ω, dKΩ ) is Gromov hyperblic.
By contradiction, let suppose that (Ω, KΩ) is not Gromov hyperbolic, then there ex-
ist three sequences of points {xn}n∈N, {yn}n∈N, {zn}n∈N, correspondent geodesic segment
{[xn, yn]}n∈N, {[yn, zn]}n∈N, {[xn, zn]}n∈N and a point un ∈ [xn, yn] such that for each n ∈ N
lim
n→∞
dKΩ (un, [xn, zn] ∪ [yn, zn]) =∞.
Up to passing to a sub-sequences, we can suppose that un → ξ ∈ Ω. We have two cases
Case 1: ξ ∈ Ω.
First of all we can suppose that xn, yn, zn converge respectively to x∞, y∞, z∞ ∈ Ω, and
since
lim
n→∞
dKΩ (un, {xn, yn, zn}) ≥ lim
n→∞
dKΩ (un, [xn, zn] ∪ [yn, zn]) =∞
we have x∞, y∞, z∞ ∈ ∂Ω Then after a reparametrisation, we can suppose that [xn, yn](0) =
un, and using Ascoli-Arzelà theorem [xn, yn] converges uniformly on compact sets to a ge-
odesic line σ : R −→ Ω. Now by Proposition 6.3 we have x∞ 6= y∞, then one of the two is
different from z∞, for example x∞ 6= z∞. Now using Theorem 6.1, there exist a compact
K ⊂ Ω and Tn ∈ R such that [xn, zn](Tn) ∈ K. Finally
max{dKΩ (ξ, x) : x ∈ K} ≥ lim
n→∞
dKΩ (σ(0), [xn, zn](Tn))
= lim
n→∞
dKΩ ([xn, yn](0), [xn, zn](Tn))
≥ lim
n→∞
dKΩ (un, [xn, zn] ∪ [yn, zn]) =∞
and this is a contradiction.
Case 2: ξ ∈ ∂Ω.
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After an affine transformation, we can suppose that ξ = (0, 0) and r is of the form (3).
Using Theorem 3.1 there exists a A ≥ 1 and R > 0, such that
A−1Mr(p, v) ≤ KΩ(p, v) ≤ AMr(p, v), ∀p ∈ BR(0) ∩ Ω, v ∈ C
2.
Let {ψn}n∈N and P as in Theorem 4.1, then up to passing to subsequences ψn(xn), ψn(yn)
and ψn(zn) converge respectively to x∞, y∞ and z∞ in ΩP ∪ {∞}. Now we have to divide
the problem in different cases.
If both x∞ and y∞ are in ∂ΩP , then eventually [xn, yn] ⊆ BR(0) and consequently
ψn([xn, yn]) is a (A, 0) quasi-geodesic with respect to the Catlin metric that converges to
a (A, 0) quasi-geodesic line σ : R −→ ΩP of ends point x∞ and y∞ (that are different,
using Lemma 5.13). Now after a labelling we can suppose that x∞ 6= z∞, and we can
define
tn = sup{t ∈ [an, bn] : [xn, zn]([an, t]) ⊂ BR/2(0)},
and set z′n := [xn, zn](tn). Let notice that limn→∞ ψn(z
′
n) = limn→∞ ψn(zn) = z∞ and
[xn, z
′
n] := [xn, zn]|[an,tn] is in BR(0) and so it is a (A, 0) quasi-geodesic with respect
to Mr. Now by Proposition 5.7, ψn([xn, z
′
n]) converges locally uniformly to the geodesic
σˆ : R −→ ΩP . Thus
dCΩP ((0,−1), σˆ(0)) = limn→∞
dCr (un, [xn, z
′
n](0))
≥ lim
n→∞
dKΩ (un, [xn, z
′
n](0))
≥ lim
n→∞
dKΩ (un, [xn, zn] ∪ [yn, zn]) =∞
In the other case, we can always suppose that x∞ ∈ ∂ΩP and y∞ = ∞. If z∞ = ∞
we can find a z′′n ∈ [xn, zn] such that ψn([xn, z
′′
n]) converges to a (A, 0) quasi-geodesic line,
otherwise if z∞ ∈ ∂ΩP there exists y
′
n ∈ [yn, zn] such that ψn([y
′
n, zn]) converges to a to a
(A, 0) quasi-geodesic line, and using the previous argument we have a contradiction.
In all the cases we have a contradiction, then (Ω, dKΩ ) is Gromov hyperbolic.
Part 2: The identity map Ω −→ Ω extends to a homeomorphism Ω
G
−→ Ω.
We define the map
Φ : Ω
G
−→ Ω
as the identity in Ω and Φ([σ]) = limt→+∞ σ(t) if [σ] ∈ ∂GΩ.
First of all we prove that Φ is well defined. Indeed, given a geodesic ray σ : [0,∞) −→
Ω, limt→+∞ σ(t) exists in C2 by Proposition 6.3. Let σ1 and σ2 two geodesic rays with
σ1(0) = σ2(0) = o ∈ Ω and
sup
t≥0
dKΩ (σ1(t), σ2(t)) <∞
then
lim
t→+∞
(σ1(t)|σ2(t))o =∞
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which implies by Corollary 6.2 that
lim
t→+∞
σ1(t) = lim
t→+∞
σ2(t),
thus Φ is well defined. Now since Ω is compact, it is sufficient to prove that Φ is continuous,
injective and surjective.
For the continuity, we prove that if ξn → ξ ∈ ∂Ω then Φ(ξn) → Φ(ξ). Fix o ∈ Ω and
let consider for each n ∈ N Tn ∈ [0,+∞] and σn : [0, Tn) → Ω such that σn(0) = o and
limt→Tn σn(t) = ξn. Since Tn could be ∞, let T
′
n ∈ (0, Tn) such that
lim
n→∞
σn(T
′
n) = lim
n→∞
Φ(ξn) = ξ.
Now by Ascoli-Arzelà theorem, σn (up to subsequences) converges locally uniformly to a
geodesic ray σ : [0,+∞) −→ Ω, and with a similar argument used in Corollary 5.8
lim
t→+∞
σ(t) = lim
n→∞
Φ(ξn) = ξ
so Φ is continuous.
For the injectivity, let σ1, σ2 be two geodesic rays such that limt→+∞ σ1(t) = limt→+∞ σ2(t) =
ξ ∈ ∂Ω but [σ1] 6= [σ2] in Ω
G
. Now, recalling that every two distinct points in ∂GΩ can be
joint by a geodesic line, there exists a geodesic line σ : R −→ Ω such that
sup
t≥0
dKΩ (σ(−t), σ1(t)) < K and sup
t≥0
dKΩ (σ(t), σ2(t)) < K
and consequentially
lim
t→+∞
(σ(−t)|σ1(t))o = lim
t→+∞
(σ(t)|σ2(t))o =∞
that implies using Corollary 6.2 that
lim
t→−∞
σ(t) = lim
t→∞
σ1(t) = lim
t→∞
σ2(t) = lim
t→−∞
σ(t)
but this is a contradiction with Proposition 6.3.
Finally for the surjectivity, let ξ ∈ ∂Ω and xn ∈ Ω → ξ. Fix o ∈ Ω and let consider
σn : [0, Tn] −→ Ω such that σn(0) = o and σn(Tn) = xn. By Ascoli-Arzelà theorem, σn (up
to subsequences) converges locally uniformly to a geodesic ray σ : [0,+∞) −→ Ω, and
with a similar argument used in Corollary 5.8
lim
t→+∞
σ(t) = lim
n→∞
σn(Tn) = ξ,
so Φ([σ]) = ξ, then Φ is surjective. 
Remark 6.4. With the same argument of the Part 2 of the previous proof, we can prove
that if H : C −→ R is subharmonic homogeneous polynomial without harmonic terms,
then identity map ΩH −→ ΩH extends to a homeomorphism Ω
G
H −→ ΩH ∪ {∞}.
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7. Applications and examples
In this last section we provide some applications.
We start with the problem of the extension to the boundary of the biholomorphisms:
using Theorem 1.1 and 2.5 we obtain
Theorem 7.1. Let Ω1,Ω2 ⊂ C
2 be a bounded smooth finite type domain and let f : Ω1 −→
Ω2 be a biholomorphic map, then f extends to a homeomorphism between Ω1 and Ω2.
With the same tools we can also study the biholomorphism between finite type domains
and convex domains (we include also unbounded convex domains).
We recall that a convex domain Ω is C-proper if it does not contain any complex affine
lines (in [11] it is proved that this is equivalent to the Kobayashi completeness of Ω). For
convex domains we have a natural definition of compactification, the end compactification,
that we denote with Ω
∗
. The definition is the following (see, for example, [8, 10] for details):
if Ω is bounded, then Ω
∗
= Ω. If Ω is unbounded, then there exists R0 > 0 such that for
each R > R0 the set Ω ∩B(0, R)
c has one or two connected components and the number
of components does not depend from R (we call Γ the set of connected components of
Ω ∩B(0, R0)
c). We define Ω
∗
:= Ω ∪ Γ. For the topology, we say ξn ∈ Ω
∗
→ ξ ∈ Ω
∗
is the
usual Euclidean topology if ξ ∈ Ω, instead if ξ ∈ Γ we have that ξn ∈ ξ ∪ {ξ} eventually.
The interesting fact is that the end compactification (that can be defined in every
convex set) is the same of Gromov compactification if (Ω, dKΩ ) is Gromov hyperbolic.
Theorem 7.2. [10] Let Ω ⊂ Cd be a C-proper convex domain such that (Ω, dKΩ ) is Gromov
hyperbolic. Then Ω
G
and Ω
∗
are homeomorphic.
Finally we can enunciate the following
Theorem 7.3. Let Ω1 ⊂ C
2 be a bounded smooth finite type domain and Ω2 ⊂ C
2
be a convex domain. Let f : Ω1 −→ Ω2 be a biholomorphic map, then f extends to a
homeomorphism between Ω1 and Ω
∗
2.
Proof. Since Ω1 is Kobayashi hyperbolic and Gromov hyperbolic and f is a isometry for
Kobayashi, then also Ω2 is Kobayashi hyperbolic (and so it is C-proper) and Gromov
hyperbolic. Now from Theorem 7.2 Ω
G
and Ω
∗
are homeomorphic. We conclude using
Theorem 2.5. 
An interesting application of Gromov hyperbolicity is in complex dynamics. Karlsson
[18] proved that in Gromov hyperbolic spaces there exists a general Denjoy-Wolff Theorem
for 1-Lipschitz maps. Another topic is the study of the dynamics of commuting holomor-
phic self-mappings. In [3] Behan proved that two commuting holomorphic self-maps of the
unit disc with no inner fixed points either have the same Denjoy-Wolff point or they are
both hyperbolic automorphisms. Bracci [6, 7] extended such a result to commuting holo-
morphic self-maps of the ball and of convex domains. In [10] the authors proved a general
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version in Gromov hyperbolic spaces and and apply it to get Behan’s result to strongly
pseudoconvex domains and Gromov hyperbolic convex domains. Now we give a similar
result for bounded pseudoconvex finite type domains in C2. We recall that a complex
geodesic is an holomorphic function φ : D ։ ∆ ⊆ Ω such that dKΩ (φ(z), φ(w)) = ω(z, w)
for each z, w ∈ D where ω is the Poincarè distance on D (that means that φ is an isometric
embedding). An holomorphic retraction is an holomorphic function ρ : Ω։M ⊆ Ω with
ρ2 = ρ (or equivalently, ρ|M = IdM). It is possible to prove that M is always a complex
sub-manifold of Cd.
Remark 7.4. Let Ω ⊂ Cd be a domain and ρ : Ω ։ M ⊆ Ω a retraction. Then using
Proposition 2.2, for each z, w ∈M
dKM(z, w) ≥ d
K
Ω (z, w) ≥ d
K
M(ρ(z), ρ(w)) = d
K
M(z, w)
that means that ρ is an isometry.
Theorem 7.5. Let Ω ⊂ C2 be bounded smooth pseudoconvex finite type domain, and let
f, g be commuting holomorphic maps from Ω to Ω. Suppose that there exist ξ 6= η in ∂Ω
such that
fn → ξ, gn → η.
Then there a complex geodesic ∆ of Ω, which is a retract of Ω, such that ξ, η ∈ ∂∆ and
f |∆, g|∆ are hyperbolic automorphism of ∆.
Proof. Using Theorem 1.9 of [10] and Theorem 1.1 we have that there exists a retraction
ρ : Ω ։ M ⊆ Ω such that f |M , g|M ∈Aut(M). First of all notice that M is not a point,
since f and g have not fixed points in Ω. We analyse two different cases, according to the
dimension of M
• dimM = 2: then M = Ω and f, g ∈Aut(Ω). By Bedford-Pinchuck Theorem [] Ω
is biholomorphic to a Thullen domain T := {(z, w) ∈ C2 : Re[w] + |z|2p < 0}.
The automorphisms group of T is well-know (see for instance []) then with a
simple computation it is possible to find an automorphism that conjugate f and
g respectively in
f˜(z, w) = (λz, λ2pw) and g˜(z, w) = (µ−1z, µ−2pw)
with λ, µ ∈ (0, 1). Now the complex geodesic sought is φ : D −→ ∆ ⊂ T given by
φ(ζ) =
(
0,
ζ + 1
ζ − 1
)
,
which is the retract of the (linear) retraction π : T ։ ∆ ⊂ T , π(z, w) = (0, w).
• dimM = 1: we want to prove that M is simply connected, in this way the state-
ment follows from the Uniformization Theorem. Since Ω is smooth, we can find a
neighborhood U of ξ such that U ∩Ω is simply connected. Let suppose that M is
not simply connected, then there exists a closed path γ such that is not homotopic
to 0 in M . Since γ is compact and fn → ξ, there exist n0 such that γ˜ := f
n0 ◦ γ is
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in U ∩M and it is not homotopic to 0 in M (because f is an automorphism). Now
ρ is a retract, then i∗ : π1(M) −→ π1(Ω) is injective and so γ˜ is not homotopic
to 0 in Ω, that implies that it is not homotopic to 0 also in U ∩ Ω but this is a
contradiction because U ∩ Ω is simply connected.

We conclude with an example of a theorem that cannot be derived from the results
known so far.
Example 7.6. Let p ∈ N, p ≥ 1 and a > 0. Let consider the following domain in C2
Ω :=
{
(z, w) ∈ C2 : e−aπ
2
< |w| < 1, |z|2p < sin
(
−
1
πa
ln(|w|)
)}
.
It is obtained by the quotient of the Thullen domain {(z, w) ∈ C2 : Re[w] + |z|2p < 0} via
the group generated by the automorphism
(z, w) 7−→ (λz, λ2pw)
where λ = exp
(
1
pa
)
> 0.
Ω has C∞ boundary and a point (z0, w0) ∈ ∂Ω is strongly pseudoconvex if z0 6= 0 and
of type 2p when z0 = 0 and |w0| = 1 or |w0| = e
−aπ2 . Then by Theorem 1.1 (Ω, dKΩ ) is
Gromov hyperbolic and its Gromov boundary ∂GΩ is homeomorphic to ∂Ω. Finally, Ω
cannot be biholomorphic to a convex domain, since its fundamental group is isomorphic
to Z.
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